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I. Tue STELLATE CELLS OF Juncus effusus. 


In 1895 Herbert L. Jones, instructor in botany at Harvard, taught 
the writer to section the stems of Juncus and find the remarkable con- 
junction of six-rayed stars which constitute its parenchyma. That 
was in a course in which Professor George L. Goodale, M.D., reviewed, 
with easy urbanity, the founding of vegetable histology and the large 
part his profession had taken therein. If this further study of a well- 
known vegetable tissue proves worthy of such purpose, it is gratefully 
inscribed to the memory of these able and devoted teachers. 

Apparently the pith of Juncus was first figured and described by 
L. C. Treviranus, physician in Bremen, in 1806. Malpighi had ex- 
amined with a microscope the hollow stems of grasses; Hooke had 
looked into “some kinds of reeds’; Grew became involved in the 
thready lacework which he had “no where so well seen as in the bul- 
rush, being cut transverse’’; and in “ Epistola 74’”’ Leeuwenhoek had 
written “ De formatione Juncorum,” but the rushes which he studied— 
“Junci seu Scirpi’”—are shown by his admirable figures and descrip- 
tion to be of the genus Scirpus, with pith of very different character 
from that under consideration. Possibly some eighteenth-century 
botanist saw for the first time these utricles in the form of stars, but 
it was Treviranus who made them generally known, by devoting to 
them the first two figures of his Bau der Gewdchse. 

In describing stellate parenchyma, Treviranus wrote that the fun- 
damental form of cells is spherical, but if spherical vesicles, instead of 
expanding uniformly, should grow only at certain points while the 
rest of the surface remained stationary, radiate forms would result. 
“In the banana, Musa saprentum, the horizontal walls of the spaces 
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in the cellular tissue of the petiole consist of six-rayed cells everywhere 
connecting with one another by their rays, and so forming a net, the 
meshes of which are blunt triangles.” “The same is true,” he con- 
tinues, “of the stems of Jris pseud-acorus; indeed the looser, spongy 
cell-tissue in Juncus effusus consists altogether of these radiate cells 
interconnecting by long thin arms.” His little figure of Juncus pith 
is conventional and ineffective, but that of the banana is better, 
showing ordinary parenchyma on one side, and, in the center, an 
intermediate zone of transitional forms having rays that are very 
short and broad.' He recognized that spheres cannot be in contact 
with each other at all points (a feature which appears in no less than 
twenty of Grew’s plates), and on examining parenchyma with this in 
mind he observed interstices of varying sizes—“ meatus tntercellulares”’ 
—everywhere intercommunicating and, as he believed, “containing 
sap.” In the production of stellate cells these intercellular spaces 
enlarge. 

A year later, in 1807, Dr. Rudolphi showed by simple experiments 
that air, and not sap, fills these spaces. Independently of Treviranus 
he refers, without figures, to the peculiar cells in the leaf-ribs of Musa 
paradisiaca, and in the leaves of Iris, etc. In the larger rushes 
(J. effusus and J. conglomeratus) he found a dry, papery and unusual 
pith where “little star-shaped diverging fibers (fine cells) form a loose 
and, under the microscope, very elegant network.” 

Link, writing also in 1807, commented on the air spaces which 
Mirbel (1802) has ascribed to the “tearing apart” of certain tissue 
due to strains from growth, and noted that their production may be 
especially well seen in the leaf-stalks of Canna.” 

Moldenhawer, in 1812, found the stellate tissue in the banana “as 
Treviranus had described it.” Since the investigation could not be 
carried out without grave injury to the plants, for several years he 
had cultivated them for the purpose. Intercellular spaces he de- 
scribed as primarily triangular, with sides bulging inwards, since they 
are arcs of circles. In the production of stellate cells these arcs must 
flatten and become reversed, finally being drawn toward the centers 


1 Comparable figures from Juncus have lately been published by Le Blanc,— 
Rev. gén. de Bot., 1912, vol. 24, pl. X, Fig. 5; and by Miss Snow,—Bct. Gaz., 
ate vol. 58, p. 511 (where the printer has transposed the blocks for Figs. 14 
an 
3 Mirbel’s chapter, “‘Des lacunes,” deals with a variety of unrelated spaces. 
They are said to be especially developed in aquatics, which have ‘plus d’em- 
que de force réelle,’”’— ‘sehr drollig . . . fliichtig . . . ein schlechtes 

sputters Rudolphi. 
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of the adjoining cells until they form acute angles between the rays. 
This process, as Moldenhawer understood it, is well illustrated in Sir 
D’Arcy Thompson’s drawing here reproduced as Fig. 1. But Molden- 
hawer could not agree with Treviranus that the rays grow out. The 
radiate figure, he declares, clearly arises through gradual dessication 


Figure 1. “Diagram of development of ‘stellate cells’ in pith of Juncus. 
(The dark, or shaded; areas represent the cells; the light areas being the gradu- 
ally enlarging ‘intercellular spaces.’)’—Thompson, Growth and Form, 1917, 
Figure 133, p. 335. Courtesy of the University Press, Cambridge. 


of the cells, shrinking to dry, sapless strands. He separated by ma- 
ceration individual stellate cells of the yellow pond lily—which are, 
however, not comparable with those of Juncus—and by the same 
procedure demonstrated that young cells in leaves and cortex are 
almost spherical. 

Kieser (1815) presents an inferior figure of the banana tissue and 
reviews the literature of stellate cells. Thereafter it is conventional 
to show the six-rayed stars in cross sections, with no provision for 
connections up and down the stem. Those of Juncus, for example, 
may be seen in Unger’s “ Grundziige,”’ 1846; in Quekett’s “ Lectures 
on Histology at the Royal College of Surgeons,” 1852; in Schacht’s 
“Lehrbuch,” 1856; and in Brown’s “ Manual,” 1874, where it is said 
that the same sort of tissue occurs in “ the seed coat of the privet and 
the ‘white’ of the rind of the orange.”’ Schleiden used similar in- 
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adequate figures for Aponogeton, but in a drawing of the spongiform 
tissue of Canna, he has made an interesting attempt to show the cells 
in their three dimensions. He states that they are irregular, and 
their form, as drawn, defies analysis. 

In 1869, Duval-Jouve recognized that the form of a single stellate 
cell as a whole had never been determined, and that the manner of 
connection of the superimposed horizontal layers in Juncus was still 
unknown. He attempted to solve the problem and wrote: 


We have seen that at the time of their production these cells are spherical; 
consequently each of them is in contact, in the horizontal plane, with six 
others of the same layer, and vertically with three more in the plane below and 
three in the plane above. Now in their further growth and drawing apart, 
the- cells retain their relative positions, so that generally they have twelve 
rays, corresponding to their twelve points of contact. Sometimes, often in 
fact, it happens that one of these points becomes detached and the ray is not 
drawn out. At other times, and still more frequently, the primitively spherical 
body is carried out between two rays, either vertically or horizontally, so that 
the rays seem to bifurcate. Such an occurrence, purely accidental, has been 
regarded as the usual disposition, and perhaps explains why they say,—‘In 
Juncus effusus each ray bifurcates into obliquely directed branches which 
unite with neighboring cells, one a little above, and the other a little below.’ 
I do not know who first expressed this opinion, which seems to rest on the 
idea that each cell has only six rays. With six undivided rays all union with 
cells above and below would be impossible,’ and the sight of certain rays 
uniting toward a common center doubtless led to the notion that each ray is 
bifid. But that is a supposition . . . which ends in an impossible entangle- 
ment of the layers, inconsistent with any method of cell multiplication. 


In a footnote Duval-Jouve shows that if cells with six bifid rays are 
arranged in horizontal layers, so that the upper. branches of any cell, 
meet the upper branches of an adjacent cell lodged in the same hori- 
zontal layer, an impossible arrangement ensues, for in connecting with 
cells above and below, a crossing of strands would occur. The cross- 
ing, he points out, would be avoided if a cell with six bifid branches 
never united with an adjacent cell in the same horizontal layer, but 
only with one in a layer above or below. But if that were the actual 
arrangement, then, as he argues, a transverse section of Juncus should 
show six-rayed cells separated from each other by gaps equal in area 
to that of the cells themselves. Such is not the case, for, he declares, 


(Not necessarily! R. Brown, in 1874, wrote that “the rays are unbranch- 
ed,—one or two being directed downward, the others upward, to join their 
neighbours.” If alternate rays were deflected upward and downward for 
this purpose, a coherent pattern would be realized.] 
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the thinnest transverse sections show cells uniting by their rays with 
others in the same plane. 

Apparently in agreement with Duval-Jouve is the more recent 
description by Sir D’Arcy Thompson. In 1917 he wrote: 


A very beautiful hexagonal symmetry, as seen in section, or dodecahedral, as 
viewed in the solid, is presented by the pith of certain rushes (e. g. Juncus 
effusus). . . . The cells are stellate in form, and the tissue presents in section 
the appearance of a network of six-rayed stars (Fig. 1, c) linked together by 
the tips of the rays, and separated by symmetrical, air-filled, intercellular 
spaces. In thick sections, the solid twelve-rayed stars may -be very beauti- 
fully seen under the binocular microscope. 

What has happened is not difficult to understand. Imagine as before, a 
system of equal spheres all in contact, each one touching six others in the 
equatorial plane; and let the cells become attached at the points of contact. 
Then. . . let each cell contract by the withdrawal of fluid from its interior. 
The result will obviously be that the six equatorial attachments of each cell 
(or its twelve attachments in all, to adjacent cells) will remain fixed. . . . As 
the final result we shall have a “dodecahedral star” or star polygon, which 
appears in section as a six-rayed figure. 


Sir D’Arcy then explains that it is not so much shrinkage within a 
boundary of constant size, as a stretching apart of the cells after they 
have ceased to grow or to multiply, which produces the results in 
Juncus, and he concludes,—“ The twelve-pointed star is still a sym- 
metrical figure, and is still also a surface of minimal area under the 
new conditions.” 

Neither Duval-Jouve nor Thompson figures an entire cell, and both 
describe that twelve-rayed object as if it were derived from a rhombic 
dodecahedron. That shape was regarded as the typical form of 
parenchymal cells by all writers, apparently, until 1923. Sir D’Arcy 
Thompson had considered the tetrakaidecahedron as a possibility, 
but had rejected it in these words: 


Accordingly it is very probably the case that, in the parenchymatous tissue, 
under the actual conditions of restraint and of very imperfect fluidity, it is 
after all the rhombic dodecahedral configuration which, even under perfectly 
symmetrical cgnditions, is generally assumed. 


Having found, on the contrary, that the cells of elder pith are 
tetrakaidecahedral, and assuredly not at all rhombic dodecahedral, the 
problem of Juncus became one of special interest. If derived from 
tetrakaidecahedral cells, should they not have fourteen processes, one 
for each tetrakaidecahedral surface? Or is the tetrakaidecahedral 
form found in some tissues, as in the elder, and the rhombic dodecahe- 
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6 LEWIS. 


dron in others, as in Juncus? What, after all, is the typical shape of 
an entire stellate cell? These questions, which I was led to investigate 
by reading Sir D’Arcy’s admirable book, can be very definitely an- 
swered. 

Material for study is easily obtained, Juncus effusus L. being widely 
distributed “in temperate regions of both the northern and southern 
hemispheres.” ‘The mature stalks which I collected were growing 
naturally within the city limits of Cambridge.* After stripping off 
the dense outer layers, the pith was preserved in alcohol; and when 
thoroughly imbedded in paraffin, it was cut in serial sections, both 
transverse and longitudinal, at various thicknesses. 

On examining transverse sections 20 microns thick, it is seen at once 
that there is great irregularity in these cells. It is clear from what has 
already been said that the number of rays presented by a cell in trans- 
verse section is less than its total number of processes; and since the 
sections are but fragments of cells, it is unwise to lay too much stress 
upon the number of rays which appear. This number, for one thous- 
and cells observed in transverse section, varied from three to eight 
per cell, as shown in the accompanying table: 


TABLE I. 


| Number of rays per cell 3 4 5 8 | 
Examples found among 1000 cells | 6 | 74 | 323 | 469 | 117 | 11 | 


The average number is here 5.6, and though six-rayed cells are more 
frequent than any other form, they fall short of making 50 per cent. 
of the cells examined. One of the more regular areas has been care- 
fully drawn as Fig. 2, and it shows how far the conditions of Fig. 1, c, 
are actually realized. On leaving the cell body the rays quickly 
become reduced to a certain diameter which they maintain quite 
uniformly till they join another ray of the same diameter, at a place 
marked by a distinct cell wall, sometimes by a very slight constriction. 
Each arm may show a slight bulbous enlargement just before reaching 
the cell wall, but in Quekett’s figure this inconstant feature has been 
greatly exaggerated.° Typically no two arms of any cell join two 


* Professor Fernald has kindly determined that they are var. solutus Fernald 
and Wiegand (as described in Rhodora, 1910, vol. 12, p. 90). 

5 It is shown also by Brown. Large bulbous expansions where the arms of 
stellate cells unite have been figured in Eriophorum by Meyen. 
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arms of any other, so that the number of rays which a cell possesses 
indicates the number of other cells with which it is in contact; ex- 
ceptions however are not infrequent. 

The short cell wall where two arms unite may be divided in halves, 
much less often into thirds, by one or two minute pores, which some- 
times appear as solid dots. Several of the cell walls in Le Blanc’s 
figure of Juncus are provided with central dots, on which he makes no 
comment. Clearly they are undeveloped representatives of such 
larger cavities as he shows in Sagittaria and which are familiar also 
in Scirpus. In Brown’s little figure of Juncus in cross section there 
are two instances of rays subdivided by the enlargement of these 
spaces, and in longitudinal sections I have seen a ray split for a long 
distance in this way. The parts reunite at either end, and whenever 
they occur, they join two cells by a double connection. In other 
plants the arms of stellate cells are often subdivided into many parts, 
so that a six-sided cell of Sagittaria, as Meyen described it, may pro- 
duce no less than twenty-five rays to be seen in a single transverse 
section. The almost entire absence of this secondary splitting in 
Juncus contributes to its morphological distinction, since each process 
ordinarily means a contact with another cell. 

The central body of the cell (Fig. 2) is discoid, with concavities 
between the conical attachments of the arms. Though primarily cir- 
cular, or perhaps hexagonal with rays attached at its angles, it is often 
stretched out markedly in some one direction, as seen in an upper cell 
in the figure. 

As a rule each ray is a member of a vertical pair, so that it may be 
described as bifid. At many places in Fig. 2, as at a, a, the roots of 
the paired processes are seen cut across as they pass out of the plane 
of section. The failure of certain lightly stippled cells to show any 
of them means that only the upper half of the cell is included in the 
section, and that the lower half of the disc, with its duplicating array 
of arms, has been carried away. 

A glance at a vertical section of this tissue (Fi ig. 4) is sufficient to 
show Duval-Jouve’s profound error in stating that adjacent cell bodies 
are in the same horizontal plane. In favorable places, as in that 
selecied for drawing, a remarkably intricate pattern is revealed, in 
which hexagonal meshes are formed by the cooperation of four cells,— 
one above, one below, and one on either side. The top and the base 
of the hexagon are formed by the central discs of the top and basal 
cells respectively. Diverging arms ofthe lateral cells, joining arms 
from the top and basal cells, complete the hexagon. Often it is 
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Ficure 2. Stellate cells of Juncus effusus in a transverse section of mature 
pith. Ficure 3. Vertical section from central part of the pith, showing 
irregular cells. Ficure 4. Vertical section showing typical cells. (Figures 
2-4 are from 20 u sections, 300 diam.) 

Fiaures 5-7. Hypothetical models showing the relation of a typical 
stellate cell with all its processes (Figure 7) to the orthic tetrakaidecahedron 
from which it came (Figure 5), Figure 6 being an intermediate stage. 
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pulled into an approximately regular form as shown at the bottom of 
Fig. 4, where the lateral cells are nearly opposite one another, but 
that, as will be seen, is a distortion of the primary pattern. The 
upper portion of the figure shows more interesting conditions. There 
the level of the central disc of cell f is approximately one-third of the 
distance from c to d; and the level of cell a, two-thirds of that distance. 
The irregular hexagon formed by cells c, f, d, and a has long sides due 
to the union of two long arms, and short sides from the union of two 
short arms, the regular alternation of long and short arms being in- 
dicated by the column of letters /, s, s,1, etc. It will be observed that 
the cells d, g, e, and b form a similarly irregular hexagon. Finally it 
may be noted, on looking at cell d, that its upper arm on the right is 
long, and its upper arm on the left is short, the reverse being true of 
the lower arms. That should mean that two pairs of arms directed 
toward the observer have been cut away in this section; and two other 
pairs directed away from the observer are not seen. Having studied 
the cells in transverse and vertical sections to this extent, it is not 
difficult to construct a hypothetical model of a cell as a whole. 

It is evident at once that the pattern could not have been derived 
from rhombic dodecahedra, for that involves such an arrangement of 
cells as Douval-Jouve described, which certainly does not exist. We 
have then to consider the possible relations to the tetrakaidecahedron, 
shown in Fig. 5.6 Let intercellular spaces occur along all the edges, 
as if in a wooden model the edges had been followed and removed 
with a curved gouge. Let these grooves then be widened, especially 
at the corners, so that both the quadrilateral and hexagonal facets 
become circular. Then if these circular facets are drawn out at the 
fixed points of contact with other cells, the mass will take the form 
shown in Fig. 6. Further extension of the processes leads to the con- 
dition in Fig. 7, in which the vertical process a to the top facet and a 
corresponding one to the hidden basal facet have been arbitrarily 
omitted. The twelve lateral processes are of two lengths. Since the 
distance from the center of the tetrakaidecahedron to the center of a 
hexagonal facet (Fig. 5, b) is less than the distance to the center of a 
quadrilateral facet, e, there will be a short arm, b (Figs. 6 and 7), 
above a long arm, e, and vice versa. Moreover the six members of the 
upper and lower tiers of arms are alternately long and short as they 


- 8 Figures of the tetrakaidecahedron from various points of view, and a de- 
tailed description of the tetrakaidecahedral cells of elder pith, are found in 
~~ —. of which this is a continuation,—Proc. Amer. Acad., 1923, vol. 58, 
p. 537-552. 
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encircle the cell. The long arms, from the square facets, in becoming 
circular might be expected to be only four-sevenths the diameter of 
the short ones from the hexagons, and in the pith such a difference is 
often fully realized. But in general there is an equalizing tendency, 
so that commonly long and short arms are as nearly equal in diameter 
as those seen in Fig. 4. The cell walls often cross the arms obliquely 
as at d in Fig. 3. The theoretical extent and direction of this ob- 
liquity are shown in the diagram, Fig. 10, where a vertical section of 
a stellate cell has been inscribed within the corresponding section of a 
tetrakaidecahedron. The septa at the ends of all the arms, as there 
drawn, are oblique. In actual sections, an obliquity the reverse of 
that shown in the diagram is very rare, though the corresponding ob- 
liquity, sometimes exaggerated, is frequent. Ordinarily, however, it 
has been lost, and the septa cross the arms at right angles (Cf. Fig. 3). 

Twelve lateral arms have now been accounted for, superimposed in 
pairs, so as to form a six-rayed star when viewed either from above or 
below; but if each tetrakaidecahedral facet produced an arm there 
should be two others, extending vertically from the central disc 
toward the top and basal surfaces respectively. If present in longi- 
tudinal sections, such as Fig. 4, they would form a straight vertical 
strand connecting c, d, and e; and unlike the lateral strands shown in 
the figure, the upward process from e would join the downward process 
of d without the intervention of any other cell. Such strands are 
seldom found in the longitudinal sections. In transverse sections, as 
in Fig. 2, if present, they would appear as sectioned arms rising from 
the midst of the central discs. Among a thousand cells examined for 
this purpose only ten showed evidence of a central process. It is 
evident, therefore, that if these stellate cells are derived from tetra- 
kaidecahedra, their contacts with the cells above and below become 
severed with great regularity, so that the top and basal surfaces alone 
fail to produce arms. 

The manner of the disappearance of the vertical arms may be 
studied in the longitudinal section, Fig. 3. Although taken from near 
the center of the pith, it shows on the right a succession of four cells 
which for some reason failed to separate with the rest. They have 
been stretched radially as much as their neighbors, but vertically they 
are still in connection with each other. Cells b and c¢ join the cells 
immediately above and below them by means of short, low, conical 
processes, broadly truncate at the line of fusion with the inverted 
cone from the next cell. When these vertical processes are present 
they are usually simple cones, as in Fig. 6 at a. But in Fig. 3, cells 
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b and c have an unusually close connection with each other, the central 
cone being surrounded by a broad encircling attachment. To pre- 
serve the usual pattern (of the type shown in Fig. 4), b and ¢ should 
be but a single cell. Evidently a late division occurred between them, 
shortly before the cells became stellate, and an extra cell interposed 
at this point kept the group crowded together at the critical time when 
the adjoining ones separated. There was a local diminution of the 
prevailing vertical tension, and also more material to resist it. 

Another place where the elusive cause of the disappearance of the 
vertical arms may be sought is at the periphery of the pith, at the 
transition between stellate cells and ordinary parenchyma (Fig. 8, 
p. 17). Acomparison of the heights of the two sorts of cells indicates 
that the stellate cells collapse above and below, perhaps by evapora- 
tion of their contents into the air spaces, as others have suggested. 
The vertical processes labeled v. p. connect with similar vertical proc- 
esses which pass out of the drawing; but the unlabeled ones approach- 
ing each other in the middle of the figure do not meet. Their 
persistence after rupture indicates, perhaps, a late separation when the 
cell walls had become more viscid. Figures 3 and 8, to which many 
more might be added, are sufficient to prove that the vertical processes 
exist temporarily; and in perfected stellate cells it has been seen that 
they are lacking. Accordingly they have been omitted in constructing 
the hypothetical pattern, Fig. 7’. 

Several types of irregularities are to be expected. The suppression 
of a pair of superimposed arms accounts for the common five-rayed 


7 The reason for their disappearance is fortunately not a part of the present 
problem. The upper and lower surfaces do not differ in size or shape from 
certain of the persistent lateral ones. They do differ in being in the plane of 
commonest cell division, which never occurs in the oblique planes of the lateral 
surfaces; but a new cell wall, if our interpretation of Fig. 3 has been correct, 
is not a place of special weakness. A greater vertical tension might account 
for the observed conditions, but there are certain difficulties, even if such 
greater tension be shown to exist. 

With the loss of the vertical arms the typical intercellular space becomes 
itself a tetrakaidecahedral enclosure, which is bounded by parts of eight 
stellate cells. To picture an entire intercellular space, imagine a typical non- 
stellate tetrakaidecahedron oriented so that it has hexagonal surfaces above 
and below; and let these top and basal surfaces be connected with each other 
in vertical planes by six stripes bisecting the twelve lateral surfaces and pre- 
serving their inclinations, as if the stripes were painted on these surfaces. 
The stripes represent the arms of the eight cells bounding the intercellular 


space. Six of the central discs from which they come would lie in the hori-° 


zontal planes where the lateral quadrilateral facets meet the lateral hexagons; 
the other two would be in the planes of the top and bottom hexagons of the 
14-hedron which can be considered as filling the intercellular space. 
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stars, and still more frequent is the loss of only the upper or lower 
member of any pair. Although, for certain considerations to be 
presented later, the long arms might be expected to separate more 
often than the short ones, this could not be shown to occur. Certainly 
both kinds may be lost. Instead of bifurcating, a ray may divide 
into three superimposed branches, as at a in Fig. 3; or it may remain 
unbranched, like the ray joining the middle member of this trifid 
group. It can hardly be supposed that the regular alternation of 
long and short arms will be exhibited everywhere if the original tetra- 
kaidecahedra are never typical (cf. the irregularities actually found in 
the cells of the elder), and in places of unusual tension the sections 
show conclusively that short arms may be stretched till long and 
slender. There are, therefore, irregularities perpetuating the atypical 
condition of the parent cells, and also new distortions and deficiencies 
added in the process of becoming stellate. 

To determine whether the form shown in Fig. 7 is a valid and ser- 
viceable interpretation of the actual cells, a piece of cleared pith was 
examined with a binocular microscope, but it was impossible to follow 
all the processes with satisfactory precision. A wax reconstruction, 
at a magnification of 1000 diameters, was then made of a group of 
cells which had been cut in serial longitudinal sections at a thickness 
of ten microns. This group is shown as Fig. 20 (Pl. 1), with the hypo- 
thetical interpretation beneath (Fig. 21), which bears all the lettering. 
The pattern is made of units like that shown in Fig: 7, except that 
where a process is lacking in the actual cells, it has been omitted from 
the pattern (or in a few cases indicated by dotted lines). There are 
five entire cells included in the group (J, K, L, O, and P), with the 
proximal halves of three others (G, H, I) and the distal halves of three 
more (C, D, E). Single bifid rays of seven other lettered cells are 
shown where they complete the mesh. 

All five entire cells happen to have six rays each, but none has as 
many as twelve processes. Cell I lacks the upper median proximal, 
the lower median distal, and the lower right distal processes, which 
have been dotted in the pattern (Fig. 21) so as to indicate a complete 
cell. Cell K has apparently an undivided median proximal process, 
though after the loss of the upper or lower member of this pair, the 
remaining arm may have shifted ‘to a central position, in which its 
origin cannot be recognized. This cell lacks also the upper right 
proximal process, having in all ten instead of twelve. Cell J is very 
similar, but retains only nine of its processes. Cells O and P lack 
two of the strands which would hold them together, and consequently 


we 


THE SHAPES OF CELLS. 13 


they have been drawn away from each other, making an unduly large 
hexagonal mesh. The lower left distal process of O and the upper left 
distal process of P (with an interconnecting arm of another cell) con- 
stitute one of the ties which is lacking. The other would be formed 
by the lower median distal of O, the upper median distal of P, and an 
interconnecting arm. In this case there is a knob on cell O which 
fails to connect with any other cell, and there is no evidence of imper- 
fection in the series at this point. The knob is therefore interpreted 
as a vestige of the lower median distal process. In no other place in 
the group is there any trace of a process which has lost its connection 
with others, and so comes to have a free end. In both O and P the 
right proximal pairs of arms have been deflected proximally. O has 
nine processes, counting the knob, and P has ten. Considering the 
relative length of the arms, it is seen that P joins L with a short arm, 
and K with a long arm, just as in the pattern, but that on the right 
of the figure P joins Q with a long arm and R with a short one which 
is the reverse of the pattern. In other words P does not show con- 
sistently the alternation of long and short arms. In several places in 
the model the arms of a vertical pair are of equal length, and elsewhere 
reversals occur. Nothing could be more striking, however, than the 
way in which long arm joins long, and short arm joins short to make 
the right margin of the model. 

The left portion of the model, which does not include entire cells, is 
instructive as showing the transformation of the pattern following the 
snapping of strands, and the production of elongated hexagonal meshes 
bounded by six cells instead of four. Cells D and J should be con- 
nected by arms as indicated by the dotted lines in Fig. 21; and C and H 
should have a similar connection which has not been dotted. The 
effect of the loss of these strands is sufficiently shown in the model as — 
figured, and also the way that F acts upon D and E, pulling them 
together, unopposed by resisting strands which have dropped out. 

From the study of this group of cells the hypothetical model is 
found to be a correct interpretation. It accounts for every one of the 
eighty-seven processes included in the group, and for their connections 
with one another. The stellate cells of Juncus are imperfect tetra- 
kaidecahedral stars, in no way related to dodecahedra. 

The origin of stellate parenchyma has been discussed by Miss Snow 
in a paper which I have found of great service. Origins can not be 
studied properly in mature stems alone, but it is not necessary here 
to pursue the subject further than that. Whether shrunken or not, 
the mature stellate cells of Juncus are very much smaller than the 
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parenchymal cells of the elder. Cut in any direction, an average 
stellate cell with all its branches can be drawn within the limits of a 
corresponding section of an elder cell at the same magnification. The 
volume of a stellate cell, as roughly determined by the displacement of 
the model, is .000033 c. mm., or one-thirtieth the volume of an average 
cell of elder pith. A mathematical calculation dependent upon the 
conditions shown in Fig. 10, the magnification of which is estimated 
by comparison with the sections, makes the volume .000022 c. mm. 
There are serious errors by either method, but it is clear that the rel- 
ative volume is very small. The large cells of the elder are under 
pressure and expand when released from the stem (Jost); stellate cells 
on the contrary may be under tension, as Le Blanc showed for Pon- 
tederia, by puncturing the tissue with a needle and observing that the 
cells retracted. But it can not hastily be concluded that the cells 
-of Juncus are shrunken, since in the mature stems, at least, there are 
no surrounding cells large enough to produce them in that way. 

The sizes of these surrounding cells and of the stellate cells in 
contact with them are shown in Fig. 8, below which the section of a 
steilate cell from further within the pith has been drawn at the same 
enlargement. By comparing these figures, it is seen that the vertical 
diameter becomes actually and permanently decreased as if by 
shrinkage; but all other dimensions are increased. The arms may 
become four times as long, and the radius of the central disc is doubled. 
If the cells which give rise to the central cells were as small as those at 
the periphery, there is not merely a redistribution of the substance of 
the original cell under tension, but a certain amount of actual growth. 
This may not be very great, for the material within the inner tetra- 
kaidecahedron, half of which is drawn in Fig. 10, is equal to that in 
the radiate stippled cell shown sectioned in the same figure. Growth 
under tension is the accepted method for the production of these 
cells, and it seems to occur. 

The stellate cells seldom divide, and whenever they do so, the 
pattern is permanently altered. The simplest vertical division would 
produce a pair of cells with four rays each,—one undivided, by which 
the two cells would connect with each other, and three of the ordinary 
bifid sort. I have seen a perfect instance of this. Horizontal division 
gave rise to the pair of cells already described in Fig. 3; if such cells 
should move apart, they would retain connections with each other by 
one or more vertical arms. 

It is a significant fact that the meshes do not become gradually 
larger toward the center of the pith; on the contrary they are subject 
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to similar variations throughout the mass except in the narrow transi- 
tional zone at the periphery, where their diminution in size is con- 
siderable and abrupt. This may be explained if new stellate cells are 
added peripherally, and perhaps at the diaphragms, so as to moderate 
the tension due to the rapid growth of the outer layers of the stem. 
Functionally this elaborate tissue has been regarded as an aerating 
device, comparable with the simply hollow stems of grasses. Whether 
it serves also as a trusswork contributing to the rigidity of the stem 
can be answered by such experiments as Professor P. W. Bridgman 
has kindly outlined and reviewed for me. In making the measure- 
ments I have been assisted also by Mr. B. J. Anson. Sachs once 
commented on the remarkable rigidity of the stems of “ grasses, many - 
rushes and sedges,” whereby the slender scape, driven by the wind, 
“may be bent down into a semicircle . . . and spring up again like 
elastic steel wire.”’ A very different tissue is chiefly responsible for 
this, yet Schwendener, without experimental evidence, regarded the 
stellate cells as contributory. The pith of Juncus may readily be 
forced out of a piece of stem 10-15 cm. long by using the terminal 
part of the culm of timothy (Phleum pratense) as a plunger. (This 
hollow-stemmed grass proves to be four times stiffer than the stellate- 
pithed Juncus, volume for volume, using Young’s modulus for this 
comparison.) In removing the pith from Juncus stems 2 mm.-3 mm. 
in diameter in this way, the pith is sometimes compressed to one- 
fifteenth of its original length. When released it may spontaneously 
return, or easily be stretched, almost to the length of the stem from 
which it came. But it can not be stretched much beyond that point 
without transverse rupture. For example, a piece of pith 10 cm. long 
and 2.5 mm. in diameter could be stretched only to 10.5 em. by a 
weight of 20 grams, when it snapped. The breaking point of pith of 
this diameter, as determined by attaching, by means of wire and paraf- 
fin, a pan of weights to its lower end, ranged from 15 to 40 grams. 
But the freed pith, very compressible though only slightly distensible, 
may readily be doubled upon itself, or closely coiled, without apparent 
rupture—all of which properties, except its resistance to a longitudinal 
pull, might be expected from its structural arrangement. Its part in 
maintaining the rigidity of the stem against bending to the breaking 
point was tested as follows. Intact stems were clamped at one end 
by pouring melted paraffin around them, and a weight carrier was 
suspended from the horizontally projecting part at a point 10 cm. 
from the clamp. Weights were added until the stem bent sharply 
downward, collapsing at the clamp. The pith was then pushed out 
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and the experiment repeated, using the same stem just beyond the 
place previously injured. Though the pith forms two-thirds of the 
volume of these stems, it constitutes only one-twelfth of their weight, 
and the removal of the spongy core has surprisingly little weakening 
effect. A stem 10 cm. long and 3.2 mm. in diameter which broke 
under a weight of 15 grams when its pith was intact, supported 
weights up to 14.3 grams after its pith had been removed. The stel- 
late tissue is therefore unimportant in giving strength to the stem, 
both because of its central position, and its low elasticity, which is 
about twenty times less than that of the rush as a whole. Moreover 
the rigidity of the entire stems is not great, since, weight for weight, 
it is over five hundred times less than that of steel wire.® 

The ancient conclusion that vegetable cells “enclose the greatest 
mass with the least surface” (Kieser, 1818) is not applicable to the 
stellate cells. Their mass is no longer the maximum for the surface 
area, but under the conditions imposed, the surface area is apparently 
still minimal. The necessary calculation has been made for me by 
Professor Harvey N. Davis, to whom I am greatly indebted, not only 
for this, but for many other suggestions from the point of view of the 
mechanical engineer. If the section of a stellate cell be inscribed 
geometrically within that of an orthic tetrakaidecahedron, as in 
Fig. 10, and the diameter of the arms be made one-fourth of AB, then, 
if the surface of the stellate cell is to be minimal, the radius of the 
central disc, according to Professor Davis, should be 0.58 of AB. The 
comparison of such proportions, stippled in Fig. 10, with those of an 
actual cell (Fig. 9), leaves no doubt that in the production of stellate 
cells we are dealing with a minimal-surface phenomenon. Professor 
Davis discusses the problem as follows: 

First, we assume that the arms of a stellate cell meet those of other cells in 


§ Professor Bridgman supplies the following data. The values for Young’s 
modulus are: 


For timothy, stem as a whole, FE = 1.27 X “¢ Abs C.G.S. (bending experi- 
ments 


For rush, stem as a whole, E = .30 X 10° Abs C.G.S. (bending experi- 
ments) 


For rush, pith only, E = .016 X 10° Abs C.G.S. (extension) 


The comparison with steel is made as follows: EF for rush is 3 X 108 Abs 
C.G.S.: E for steel is 21 K 10". The density of the rush (sp. gr. = .63) is 
one-twelfth that of steel. If the density of steel were one-twelfth as much, 


its E would be \ < 10" = 1.75 K 10". Hence the elasticity of rush is 


1.75 10" 


3x 108 = 583 times less than that of steel on a weight for weight basis. 


© 
‘ 


THE SHAPES OF CELLS. 17 


points corresponding with the centers of the surfaces of an orthic tetrakaidec- 
ahedron (in section, Fig. 10, at C and D), each arm acting as if it were at- 
tached to a small circular disc pivoted at one of these fixed points; and second, 
we assume that the internal volume of each cell is much smaller than that of 
the tetrakaidecahedron which it occupies, either because of evaporation of 
liquid from the interior of the cell, or because the inscribing tetrakaidecahedron 
has been stretched by the growth of other parts of the plant, or both. And 
finally, we assume that the cell-wall acts like a stretched membrane, or like 
the free surface of a liquid or of a soap-film. Under these assumptions the 
cell-wall will take the shape that has least surface for a given volume, while at 
the same time maintaining contact with adjacent cells at the prescribed 
points C, D, etc. 


Fig. lo 


Figure 8. Stellate cells at the periphery of mature pith of Juncus, in 
contact with unmodified parenchyma, par. v. p., vertical process. XX 500 diam. 

Figure 9. Exact outline of an actual section of a stellate cell (x 500 
diam.) for comparison with the diagram in Figure 10. 

FiaureE 10. Section of an orthic tetrakaidecahedron within which is in- 
scribed the corresponding section of a stellate cell, geometrically constructed, 
of minimal surface. The volume of the entire stellate cell is two twenty- 
thirds that of the surrounding 14-hedron. On the left of A, one-half of a 
14-hedron has been outlined, in volume equal to that of the stellate cell. 


If the areas of contact at C, D, ete. and the cell volume are given, there 
doubtless is one and only one surface satisfying these conditions, but a rigorous 
mathematical derivation of its shape would be extremely difficult. We may, 
however, at least partly justify our belief that the shape of a stellate cell is 
indeed determined by the conditions just described, and by them alone, by 
the following approximate computation. 

Let us assume that the surface of a cell is roughly the same as that of two 
hexagons (corresponding to the upper and lower faces of the central body of 
the cell) plus the lateral surfaces of six long and six short cylinders (corre- 
sponding to the twelve arms). Let us further assume that the length of each 
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short arm is CX in Fig. 10, that the length of each long arm is DX, and that 
the radius of the circle in which each hexagon could be inscribed is AX. This 
assigns to each arm a little more area than it actually has, but this is more or 
less balanced by our neglect to include any area corresponding to the edges of 
the hexagonal plate in the center. Finally let us assume that the diameter of 
each arm is some known fraction of the distance AB in Fig. 10. Then there 
will be a definite distance AX which makes the surface as thus described a 
minimum, and this distance will be greater for arms of large diameter than for 
arms of small diameter, as shown in the following table: 
Ratio, diameter Ratio, 
of arms to AB 


In determining these dimensions we have not attempted to differentiate at 
constant volume, as our assumptions demand, because there seems to be no 
easy way to take account of the presumably variable thickness of the central 
disc. Nevertheless, the fact that there is a shape that makes our crude ap- 
proximation to the surface of a cell an absolute minimum, and the further fact 
that the shape thus determined (say with diameter of arms one-fourth of AB) 
agrees as well with the observed facts as could reasonably be expected, lead 
us to believe that we are really dealing with a shape of minimal surface under 
the peculiar conditions postulated above. 

It may be noticed in passing that if this hypothesis is correct, the contents 
of a stellate cell must have been continuously under a partial vacuum, due to 
the tension in the slightly inwardly concave upper and lower surfaces of the 
central body during the whole period in which the shape of the cell was being 
determined by the forces here considered. [Distinct concavity of these sur- 
faces is seldom evident, perhaps owing to the absorption of the vertical pro- 
cesses.] It may also be noticed that under these assumptions it is impossible 
that the stellate cells should have thrust each other apart by their own growth. 

It is necessary either that their surroundings should have grown too fast for 
them, thus pulling them away from each other, or that their internal volume 
should have shrunk very considerably after their distances apart had been 
determined by their early growth while still in tetrakaidecahedral form. In 
any case there must have been tension along the arms when the stellate form 
was attained. 


II. or Human ApIPosE TISSUE. 


“Tn well-nourished bodies, the fat-cells’”—as Schafer remarks— 
“where packed closely together, acquire an angular figure, and bear 
a striking resemblance to the parenchymatous tissue of plants.”” Their 
shape resembles that of elder cells in cross section, and they approach 
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them in size. At the corners, where the plant cells have air spaces to 
supply them with oxygen, the fat-cells have blood vessels. There are, 
however, certain differences. The cells of adipose tissue have a ran- 
dom arrangement so that transverse and longitudinal sections are in- 
distinguishable, whereas the parenchymal cells are definitely oriented. 
This is because the latter have arisen by regular division of preéxisting 
tetrakaidecahedral cells. Fat-cells presumably do not divide. They 
arise by the formation of fat droplets in cells which at first have no 
contact with each other, except through slender filamentous proc- 
esses. When these cells become distended and reduced to mere 
films surrounding the spherical fat droplets within, they acquire con- 
tacts with each other and become facetted. Do they take the shape 
of peas which by enlargement in a limited space become facetted? 
Not at all. The resemblance to parenchymal cells proves closer than 
was anticipated. 

A lobule of subcutaneous fat from the abdominal wall, preserved in 
formalin, was cut in serial sections ten microns thick. An area from 
one of these sections, including some of the cells modeled, has been 
drawn as Fig. 11, at the same magnification as the longitudinal section 
of elder pith figured in these Proceedings, vol. 58, p. 543. In both 
cases the numeral within each cell indicates the number of contacts 
which that cell has with other cells. This can be determined by fol- 
lowing the cell from beginning to end through the series. One hundred 
fat-cells were studied in that way and the results are tabulated in 


Table IT. 


TABLE IL. 
| We: of 9 10/11 12/13/14 15 | 16 17/18/19 20] 
| No. of Cells 5/15/13/20 15/17 4| 2| 2 1] 


The figures in the lower row show how many cells, among the one 
hundred counted, exhibited the number of surfaces indicated at the 
top of the column. The average number of surfaces is 14.01. For 
one hundred cells of the elder the average was 13.96.° 

Eleven cells were reconstructed in wax, magnified 500 diameters. 
Ten of these were chosen at random. The eleventh was selected 
because of its unusual shape. It seems to have been flattened and 
even hollowed out by pressure from its spheroidal neighbors. This 


* Cf. Table I, Proceedings, vol. 58, p. 544. 
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FicurE 11. Section of human adipose tissue. XX 220diam. The numeral 
in each fat-cell indicates the number of contacts which that cell has with other 
cells. Two numerals on a septum indicate the contacts of the cells above 
and below the septum. Cells marked with an asterisk appear in the group, 
Figure 26, Plate II. 
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nondescript cell is shown in Fig. 22, Pl. II. Its volume (.00024 c. 
mm.) is somewhat less than that of any of the ten of normal shape, 
but its surface is by no means minimal and it is in contact with seven- 
teen cells. If it had developed normally and then, for some reason, 
fat had been withdrawn from its interior, such a condition might 
follow. 

The volume of the.ten normal cells ranges from .00028 c. mm. to 
.00095 c. mm., with an average of .00048 c. mm., which is close to one- 
half the average volume of elder cells. In form the fat-cells are more 
nearly isodiametric, and their lack of definite orientation, which in 
the elder provides an obvious top surface and base, makes them more 
dificult to study. In the cell shown in Fig. 25, however, the tetra- 
kaidecahedral pattern is strikingly exemplified, at least in the half of 
the cell shown in the drawing. This is a cell with thirteen surfaces. 
The one taken as the top is hexagonal; the base deviates in being 
pentagonal, but the six lateral surfaces shown in the figure are alter- 
nately quadrilaterals and hexagons, precisely as required by the ex- 
acting pattern. The remaining lateral surfaces (five instead of six) 
are all pentagons. 

Another approach to the typical arrangement is shown in Fig. 24—a 
cell with fourteen surfaces. The top and base are both hexagonal. 
As oriented in the figure, three of the lateral surfaces are typical—being 
two hexagons and a quadrilateral properly alternating—and three are 
pentagons. Instead of presenting altogether 8 hexagons and 6 quadri- 
laterals, this cell has 6 hexagons, 4 quadrilaterals and 4 pentagons. 
The occasional substitution of pentagons for alternating quadrilaterals 
and hexagons was noted and described in the elder. In adipose tissue 
it seems much more frequent. The total number of surfaces for ten 
typical cells should be 140,—60 quadrilaterals and 80 hexagons. The 
surfaces of the ten cells modeled (141 instead of 140) were,—2 tri- 
angular, 30 quadrilateral, 74 pentagonal, 33 hexagonal and 2 hep- 
tagonal. The substitution of pentagons, however, cannot be carried 
out uniformly, for the resulting cells, hexagonal above and below, 
with twelve lateral regular pentagons, would be unstackable. 

What happens when pentagons are substituted is shown in the 
diagram Fig. 12, reproducing the proportions of an actual cell. In A, 
the arrangement of quadrilaterals and hexagons is typical. In B, the 
two quadrilaterals on the right have enlarged at the expense of the 
hexagons, producing a tetrahedral angle at b; a further enlargement 
of the same facets makes four pentagons as in C. Such a shifting of 
boundaries as this involves is a very familiar feature both in the seg- 
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mentation of the ovum and in its experimental simulation with soap 
bubbles. Turning to the left of Fig. 12 A, it may be noted that the 
cell (not pictured) which meets the left edge of the quadrilateral 
surface, forms also the left upper edge of the hexagon below it. If 
that cell became smaller, the left upper edge of the hexagon would 
diminish until a tetrahedral angle would occur at the point a in Fig. 12 
B; with still further reduction, that point would be passed, and all the 
lateral surfaces would be pentagons as in Fig. 12 C. The actual cell 
shown in Fig. 23 has the tetrahedral angle of Fig. 12 B, 6, and, on the 
left, the pentagons of Fig. 12 C. As a whole this cell has 13 surfaces, 
—4 quadrilaterals, 1 hexagon, and 8 pentagons. 


A B C 
Figure 12. Diagrams based upon the model pictured in Figure 23, Plate 
II, showing the transformation of quadrilateral and hexagonal facets into 


pentagons. 


Tetrahedral angles are regarded as unstable and geometrically they 
may not exist, but when it becomes impossible to determine in which 
of the alternative ways they should be resolved into a pair of tri- 
hedrals—when the line connecting the two trihedrals becomes so 
short that it cannot be seen—a tetrahedral angle has been assumed to 
occur. The ten cells modeled present 234 angles, of which 225 are 
trihedral and 9 are tetrahedral in the sense stated. Three of the 
tetrahedral angles occur on one very large cell with 20 surfaces, and 
altogether 33 angles (instead of the normal 24). It is shown in the 
lower right corner of Fig. 26. 

The group of fat-cells shown in Fig. 26 is especially well modeled 
and admirably drawn.!® It is a figure which becomes of interest in 
comparison with a similar group of elder cells and their interpretative 
pattern (Proc., vol. 58, Pl. III). If the fat-cells were typically shaped 
and arranged, the socket on the right from which a cell has been dis- 
lodged would have a hexagonal instead of a pentagonal base, and would 


10 The models; it should be recorded, were all made by Ethel S. Lewis, and 
the drawings by F. Schuyler Mathews, whose skilful work, in different ways, 
has been indispensable in making this study intelligible. 
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be surrounded by alternating hexagons and quadrilaterals instead of by 
the surfaces shown and numbered. ‘Traces of the typical pattern are 
there, but the deviations recall Hooke’s apology for the form of snow 
crystals, which if not “ vitiated by accidents” would exhibit “abun- 
dance of curiosity and neatness.” 

Avoiding all the labors of reconstruction, objects quite like the 
models of fat-cells, with clear-cut facets, many of them pentagonal, 
may be seen on looking at a smear of the yolk granules from a hard- 
boiled egg, then in crumbly condition. Seen in reflected light, it 
becomes a surprising display, which the ill-starred Pouchet figured 
handsomely in his “Théorie positive de l’ovulation spontanée”’ 
(1847, Pl. XI). He describes the polyhedra as having “ ten to twenty 
facets irregularly disposed” and although he says that under proper 
conditions “on apercoit parfaitement leur configuration,” he does not 
subject it to any analysis. 

In concluding that yolk granules and fat cells are the tetrakaidec- 
ahedral products of piling spherical bodies, it is well to consider what 
sort of piling must take place for that result. This is shown in a 
diagram which I planned but could not construct without the aid of a 
geometrician. Professor William C. Graustein has most generously 
made the necessary calculations, which show some unexpectedly 
interesting relations. The importance of his contribution in what 
follows is very gratefully acknowledged. Spheres arranged as in 
Fig. 13 A, by compression become cubes (Fig. 13 B) with edges 1.61 
times the radius of the sphere and a surface area 1.24 times as great. 
The normal piling of spheres—the arrangement taken by peas thrown 
together in a heap—is shown in Fig. 14 A, leading to rhombic dodec- 
ahedra when compressed, Fig. 14 B. The length of the edges of the 
rhombic dodecahedron is 1.11 times that of the radius of a sphere of 
equal volume; and the surface area becomes 1.1050 times that of the 
sphere. The orthic tetrakaidecahedron, with plane surfaces, has 
edges which are all of equal length, namely .72 of the radius of a 
sphere of equal volume; its surface area is 1.0987 times as great. “The 
surface area of the tetrakaidecahedron is 58/100 of 1 per cent. less than 
the surface area of the rhombic dodecahedron of the same volume,” 
Professor Graustein reports, and to maintain such an advantage to- 
ward a minimal surface, the spheres must arrange themselves as 
shown in Figs. 15 and 17, combining, it will be seen, features of both 
the cubical and dodecahedral piling. 

Viewed in a certain plane the spheres are arranged as in Fig. 13 A, 
yet so spaced that each is separated from the four which surround it 
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by .31 of the radius of the sphere. This is shown in Fig. 15. Sphere 
E, upon compression to make a tetrakaidecahedron, will acquire 
quadrilateral facets with B, F, H and D, and with two spheres not 
seen in this plane, R and S, above and below it respectively, likewise 
separated by .31 of the radius. Thus the six quadrilateral facets of 
the tetrakaidecahedron are produced from spheres not immediately 
in contact withit. Its eight hexagonal facets proceed from immediate 
contacts. Let a sphere be dropped from above into the interval 
between D, E,G and H. It will come in contact with all of them, and 
by compression will give to each a hexagonal facet as shown in Fig. 16. 
Similarly sphere 0, not seen in Fig. 15, rises up directly beneath N, 
but can not reach it, the separating distance being .31 of the radius. 
This is shown in Fig. 17, which passes through the centers of G, E and 
C of Fig. 15 in a plane perpendicular to that of the printed page. 
J-K, I-M and P-Q in Fig. 15 indicate the positions, above and below 
respectively, of the remaining cells which provide the fourteen surfaces 
of E. 

The arrangement of spheres in Fig. 17 is comparable with that in 
Fig. 14 A, but they have been spaced apart in a very definite manner. 
A line has been drawn through the centers of N, E and M, and where 
it forms the diameter of M it has been divided into sixths. The 
center of S projected upon it, arrives at the junction of the first and 
second sixths; and the center of C at the junction of the fifth and last 
sixths. More serviceable in cytology is the correlated fact that the 
tangent between L and C meets the junction of the first and second 
thirds of the diameter of M; and the tangent between S and X meets 
the junction of the second and last thirds. 

Compression of the spheres in Fig. 17 produces tetrakaidecahedra as 
seen in Fig. 18, where E is shown in relief. The axis of symmetry is 
vertical, but the vertical axis of the stem in the elder and in Juncus is 
the line N E M of the figures. In other words the cells in pith are so 
arranged as to have three axes of symmetry, diverging from each other 
at angles of 120°, and each of them tending across the stem at angles 
of 54.73° with the vertical (the tangent of this angle being V2). In 
adipose tissue no such axes can be made out. The fat-cells, with an 
average of 14 sides and therefore very properly called tetrakaidec- 
ahedra, deviate so much from the orthic form that it seems question- 
able whether we can assume for them any such complex origin as that 
which has been described, in order to gain toward the minimal surface 
area a fraction of one per cent. 
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Fig 17 Fig. 18 


FicureE 13. Spheres of the size and arrangement in A, by compression 
produce cubes of the size in B. Figure 14. Spheres asin A produce rhombic 
dodecahedra in B. Ficure 15. Spheres arranged for producing 14-hedra. 
Ficure 16. 14-hedra from the compression of the spheres in Figure 15. 
Figure 17. Spheres arranged for producing 14-hedra as seen in a plane pass- 
ing through G N EC of Figure 15 perpendicular to the plane of the page. 
Figure 18. 14-hedra from the compression of the spheres in Figure 17. 
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To test the question whether the ten fat-cells already described as 
irregularly shaped, are so formed to maintain a minimal surface area, 
the surfaces of the models were measured with a planimeter. In Table 
III the volume of each cell, enlarged 500 diameters, is recorded, to- 
gether with its surface area. The surface area of an orthic tetrakaidec- 
ahedron of the same volume has been calculated by Professor Graustein 
who established the following formulae, in which a is the length of the 
edge of a tetrakaidecahedral surface. The volume and area of the 
tetrakaidecahedron are respectively: 


V=8V2e@ A=6(2V3+4+1)a 


or approximately: 
V =11.3814a8 A = 26.785a? 


TABLE III 
Volume | Surface Surface of Percentage 
re (cubic (square | orthic 14-hedron which measured 

. inches) | inches) | of same volume surface is of 

theoretical 
A 2.16 8.77 8.89 98 .7 
B 2.42 8.74 9.58 91.2 
C 2.67 9.77 10.23 95.5 
D 2.70 10.30 10.31 99.9 
E 2.77 10.55 10.49 100.6 
F 3.33 11.30 11.85 95.4 
G 3.40 11.58 12.03 96.3 
H 3.94 12.87 13.26 97.1 
I 5.18 15.06 15.92 94.6 
J 7.32 19.10 20 .04 95.3 


There are many sources of error, but after the volumes and surfaces 
had been determined as accurately as possible, with no idea at that 
time of what the minimal surface should be, the figures were not 
revised in any way. In only one instance is the actual surface area 
greater than that of the mathematically perfect pattern. In the other 
nine cells the area is less, showing that by substituting pentagons for 
hexagons, and through other irregularities, better results are obtained 
than any uniform pattern allows. The average surface area of the 
ten cells is 96.5 per cent. of that of perfectly formed tetrakaidecahedra. 

Since the rhombic dodecahedron has 14 angles, the question natur- 
ally arose whether the spheres may not pile in the normal manner (as 
in Fig. 14) and after compression into rhombic dodecahedra, by sub- 
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sequent truncation, be transformed into tetrakaidecahedra. To this 
Professor Graustein replied as follows: 

It seems hardly possible that the regular 12-faced solid can be made into 
the regular 14-faced one by simple truncations without cutting away all the 
vertices and faces. . . . I feel reduced then to the combination of a truncation 
and a distortion. The 6 tetrahedral angles are truncated by planes, leaving 
an 18-faced solid with 6 square and 12 hexagonal faces. Four of the hexagonal 
faces must be done away with. This is accomplished by choosing four square 
faces which are opposite in pairs, and hence perpendicular to a plane, and 
shrinking these faces to edges by bringing the sides of them which are parallel 
to this plane to coincide. In this way four hexagonal faces reduce to square 
faces, taking the place of the square faces which have disappeared. 

No indications of this transformation have been found. If the 
tetrakaidecahedra are not transformed dodecahedra, it follows that 
the complex type of piling shown in Figs. 15 and 17 actually occurs, 
due to the great resistance of the fat-cells to any deformation which 
increases their surface area. Varying greatly in size when the piling 
takes place, the resulting tetrakaidecahedra are indeed irregular. 


III. SrratiF1ep CELLS oF HuMAN ORAL EPITHELIUM. 


Less promising and more difficult is the study of the smaller cells in 
stratified epithelium. The specimen chosen was from the particularly 
thick layer which extends from the corners of the mouth along the 
inside of the cheeks, in a human embryo of about five months. The 
serial sections were four microns thick; and certain cells were modeled 
at an enlargement of 2000 diameters. For purposes of orientation, 
an outline drawing at the same magnification as that of the fat-cells 
(Fig. 12) is presented in Fig. 19. The basal and formative layer is 
composed of the smallest cells, with walls so thin that Schwann and 
others at first believed them lacking. The walls are there, but in 
sections as thick as these, it was found impossible, after many attempts, 
to follow any basal cells in the way requisite for wax reconstruction. 
It became quite clear, however, what their shape is. They are six- 
sided, as a rule, in transverse section. ‘Toward the underlying tissue 
they are more or less rounded, varying toward flat and angular out- 
lines respectively, yet they are not facetted. (A simple columnar 
epithelium, as may be expected, consists simply of six-sided prisms, 
tending to be somewhat rounded above and below.) The tops of the 
basal cells may present four surfaces, three of which are sketched in 
Fig. 30, B. Thus, if it were possible to look down upon the cells of 
the basal layer and find one which was a perfect tetrakaidecahedron, 
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it would be oriented and appear like the central cell in Fig. 18. Be- 
~ cause the overlying cells are larger than the basal cells, it often happens 
that the number of apical facets is less than four, and it seems in 
places as if a single cell might cover the entire top as in Fig. 30, A. 
But typically the apex should have two hexagonal and two quadri- 
lateral facets; the six lateral surfaces, except as modified by the 
rounded base, should be two opposite quadrilaterals separated from 
each other, on either side, by a pair of hexagons. The volume of a 
basal cell is probably close to one one-millionth of a cubic millimeter, 
being thus one five-hundredth of the volume of a fat-cell, and one 
one-thousandth of the volume of an average cell of elder pith. 

Although no mitotic figures were preserved in the sections studied, 
I have seen them in the similar epithelium of the oesophagus, so 
oriented that the basal cells were sometimes dividing vertically, and 
sometimes horizontally. Accordingly the new cells either push their 
neighbors apart, accounting for the sinuous lower margin of the epi- 
thelium, or they form a second layer toward the free surface. Cells 
in that layer enlarge considerably and cell division continues. Schwann 
appreciated the mechanical problem involved when he wrote,—“ If 
the cells of the second stratum are twice as large as those of the first, 
then the whole layer must also be twice as large, were it not for the 
fact that the cells slide upon one another and a double or triple layer 
of cells may thus originate from one stratum of nuclei.” 

At the position indicated by asterisks in Fig. 19, a group of cells was 
found which could be followed quite satisfactorily, and five of them 
were modeled (Fig. 28, Pl. III). From left to right across the top and 
then down on the right, the total number of contacts of each of these 
cells is, respectively, 14, 15, 14, 14, and 12. Of their facets taken 
collectively, 3 are triangular, and 27 quadrilateral; 22 are pentagons; 
9 hexagons, 6 heptagons, and 2 octogons. In this unpromising cluster 
one cell is found which on one side shows a nearly typical tetrakaideca- 
hedral pattern (Fig. 29). It has fourteen surfaces, but the top and 
base, as oriented in the figure, are both pentagonal. In position in 
the epithelium these two surfaces are nearly vertical. On the left 
of Fig. 29, a single hexagonal surface extends from top to bottom. 
The cell which makes this contact presumably should have divided 
along the dotted line in the figure, cutting off a quadrilateral surface 
below and changing the pentagon on its right to a hexagon. The 
arrangement of the lateral facets in this epithelial cell. duplicates ex- 
actly that in the lower of two elder cells shown in these Proceedings, 
Vol. 58, Pl. II, fig. 10. 
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The average volume of the five cells in this group is six times that 
of the basal cells, namely, .000006 c. mm. They are not closely ap- 
plied to each other, but narrow intercellular crevices are bridged by 
many processes, outdoing in this respect the plant Sagittaria. At the 
corners there are decidedly larger spaces; again suggestive of the 
plant cells. 


| 


aX 


FicurE 19. Vertical section of human oral epithelium. X 220 diam. 
Cells marked with * are included in the group modeled in Figure 28, Plate III; 
those with X, in Figure 27. 


Near the free surface, the cells marked X, X, in Fig. 19 were found 
to be well sectioned for modeling and a group of four was reconstructed. 
The average volume of these four cells is .000018 c. mm.,—three times 
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greater than that of the preceding group. The cells are now shaped 
like pads or cushions, rather than like crystals; and the three most 
characteristic ones are shown in Fig. 27. The top cell in the drawing 
has 15 surfaces; the other two, 13 each. Two more cells at this level, 
one of which was not modeled, have respectively 15 and 13. Since the 
cells run out laterally into thin flanges, though the central part is large 
and bulbous, the counting of contacts is very difficult. The average 
number for these five is 13.8. Although still tetrakaidecahedral, 
these cells nowhere show the alternating squares and quadrilaterals; 
and they are far from possessing minimal surfaces, as seen in Table IV. 


TABLE IV. 
Percentage 
Volume Surface Surface of 
Ep — (cubic (square | orthic 14-hedron — a 

inches) inches) of same volume Pe si 

1 2.35 27.5 9.40 292 

2 3.05 29.6 11.17 265 

3 3.57 27.5 12.42 221 


Their surface area is between two and three times as great as it should 
be to account for the tetrakaidecahedral shape, and other factors must 
be in control. The outermost cells are somewhat flattened, without 
other changes, as if through some simple process of dessication. 

The method by which this epithelium grows still defies geometrical 
analysis, so that such a section as shown in Fig. 19 illustrates Minot’s 
remark in disparagement of mathematics :—* When we wish to under- 
stand a group of complex related details, such as an anatomical struc- 
ture, we must see them, and if we can not see them no accurate con- 
ception of the group can be formed.” The cells in the basal layers 
divide and enlarge actively, pushing each other apart, raising the re- 
sisting overlying mass to which they are bound, and finding some relief 
by the production of basal bulgings and the pockets which enclose 
papillae. At the level of the lower cells modeled, or shortly above it, 
they have acquired what is nearly if not quite their maximum vertical 
dimension, and the cells are then irregular tetrakaidecahedra, approxi- 
mately isodiametric. Above that level the cells enlarge through im- 
bibition or the less active methods of growth, increasing their volume 
(3 times in case of the cells modeled) and doubling their width. This 
seems to be accomplished by sending out lateral wedges, so that, for 
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example, cell a will join 6 (Fig. 19) lifting ¢c from d. It has happened 
with cell e, which has gone out between f and g. Or, as Professor 
Davis expresses it, if cells 1,2,3, need more space, 2 is buckled upward 
in an arch, and 1 and 3 come together beneath it. On the extreme 
right of Fig. 28, one of these developing processes is strikingly ex- 
hibited, and the lateral ends of the cells in Fig. 27 show them in their 
final state. 

From this it becomes clear that if an average outer cell has fourteen 
contacts, as our inadequate data indicate, all of them are not the same 
contacts which that cell had when in the lower layers. New ones are 
added as old ones are lost. There is a rearrangement of the cells, 
none of which is eliminated, though very rarely one is seen greatly 
compressed and shrunken. Believing that it should be possible to 
construct a geometrical figure of stratified epithelium fulfilling these 
conditions, many hours have been given to attempts which are still 
only partially successful. It can be shown that orthic tetrakaideca- 
hedra may double their width and become flattened, still remaining 
tetrakaidecahedral through an equal gain and loss in surfaces, accom- 
panied by a transformation of quadrilaterals into hexagons and vice 
versa; but only when a shearing is introduced which is not found in 
the actual epithelium, or if present, is disguised by a horizontal flat- 
tening of the outer layers. Comparing the diagrams with sections, 
it appears at once that the diagrams start from definitely oriented 
tetrakaidecahedra. Orientation in the lower layers of the epithelium 
(other than the basal layer) is as surely lacking as in adipose tissue; 
and the consequent irregularity of the cells may have advantages for 
producing the final pattern which no geometrically perfect form can 
offer. “Nature doth everywhere yewuerteeiv,’ Grew observed and 
Kieser quoted,—both in connection with erroneous descriptions of 
natural phenomena. 


In the brief review of earlier work in my previous paper, no mention 
was made of Mirbel’s studies of cell form, unwittingly following Kieser 
in his effort to discredit them. Finding vegetable anatomy “a back- 
ward science,” Mirbel, in several publications, offered the brilliant 
suggestions and mistaken conclusions which were an easy mark for 
contemporary critics. In 1801, he pictured cells of the seaweed 
Laminaria as regular hexagons in cross section, and elongated hexagons 
when cut lengthwise, but quite too regular to please Rudolphi. In 
1802, he ingeniously combined these sections in several large and clear 
schematic three-dimensional figures of parenchyma, which as Kieser 
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remarked, interest us at first glance; and in 1809, he published a tiny 
repetition of the same thing. About them all he had little to say 
other than that the shape results mathematically from the force of 
resistance meeting the force of external pressure (1801, p. 339). 
Kieser (1818) recognized that Mirbel was “unconsciously” picturing 
truncated rhombic dodecahedra, and wrote of his own work,—“ Ich 
darf daher die folgende Untersuchung als ganz neu ansehen, und die 
Resultate derselben als eine neue Entdeckung tiber einen bisher ganz 
unbekannt gebliebenen Gegenstand.’’—which he illustrates by ap- 
propriating Mirbel’s figure! Kieser was in fact the first to consider 
the mathematical aspects of the problem, declaring that minimal sur- 
faces control the shape; that cells would be pentagonal dodecahedra if 
cells of that form could be fitted together in masses; and that in fact 
they were of necessity rhombic dodecahedra, “die Urform aller vege- 
tabilischen und animalischen Zellen.” This last conclusion the 
present studies have definitely overthrown. The irregularity of cells 
is such that it was never very warmly advocated. No alternative was 
offered until the physicists and mathematicians made known the 
properties of the tetrakaidecahedron, but that cells in aggregates were 
commonly tetrakaidecahedral was not then determined, or even 
predicted, by any biologist. 

“Berthold and Errera, almost simultaneously, showed (the former 
in far the greater detail) that in a plant each new cell-partition follows 
the law of minimal surface” —but Thompson, who thus describes their 
important studies in his address “ Magnalia Naturae,” failed, as they 
had done, to draw the conclusion that cells are tetrakaidecahedral. 
Schaper, in a posthumous publication “Uber die Zelle” (1906), 
edited by Roux, finds in the pentagonal dodecahedron “ the prevailing 
cell-form,” which conclusion Wetzel adopted (1922). Dr. Wetzel has 
informed me that he often discussed the problem with Schaper in 
Breslau, and that it was recognized that only through irregularities 
could these dodecahedra be associated in tissues. For Minot (1911) 
the irregularities are such that “we can not anticipate that there 
will ever be a mathematical expression . . . for even a single cell.” 
Wilson (1925) who finds that “the form approximates to that of 
massed plastic spheres such as soap-bubbles or balls of clay,” forget- 
ting that these produce two radically different shapes, has in a measure 
adopted the conclusion of my previous paper, but he points out that 
“in the actual tissues these forms vary widely.” 

In place of these opinions it may now be said that such diverse types 
of cells as those of fat and of rushes, epidermal cells and parenchymal 
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cells of elder pith, are all primarily tetrakaidecahedral. Until it has 
been shown that any cells in other aggregates are of some different 
form, this becomes a general conclusion. The “irregularity of cells” 
is their deviation, in varying degree, from this particular pattern: too 
often it has been the expression of an imperfect comprehension of 
what the existing shapes actually are. 
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EXPLANATION OF PLATES. 
PLATE I. 


Figure 20. Model of a group of stellate cells from the mature pith of Juncus 
effusus. X 400 diam. 

Ficure’21. Diagram interpreting Figure 20 on the basis of tetrakaideca- 
hedral stars which Se invariably lost their vertical processes, 
and occasionally others, as indicated. 


PLATE II. 
Figures 22-25. Models of four human fat-cells. > 400 diam. That 
shown in Figure 22 is extremely abnormal. 


Ficure 26. Model of a group of fat-cells (those indicated by asterisks in 
Figure 11). X 300 diam. 


PLATE IIL. 


FiGuRE 27. Model of three cells from the outer strata of human oral epi- 
thelium (from an embryo of about five months). The level of 
these cells is indicated by X,X, in Figure 19.  X 1200 diam. 

FiGurRE 28. Model of a group of cells from the deeper layers of the same 
, nga (those indicated by asterisks in Figure 19). X 1200 

iam. 

Ficcre 29. Model, seen from another direction, of one of the cells included 


in Figure 28, which exhibits the tetrakaidecahedral pattern. 
< 1200 diam. 

FicureE 30. Sketch (not a reconstruction) of cells in the basal layer of this 
epithelium, at the same magnification. 
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